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Abstract

Omar Khayyam classified equations of degree less or equal to three with positive coefficients into 25 types.
He presented geometric solutions of 20 of these 25 types of equations as the intersection of two conics.
Sharaf al-Din al-Tusi, a twelfth century mathematician of the area, gave a more rigorous treatment of
the 20 types of the equations studied by Khayyam and handled the remaining 5 types of equations
with a deeper approach. As an example, al-Tusi considered the equation f(x) = ax2 + bx − x3 = c
where a, b and c are positive numbers. Using the expression of the derivative of f(x), without giving a
name for the derivative, al-Tusi finds a positive number m for which f(x) is maximum. Comparing the
maximum of f(x) with c, al-Tusi discusses the existence and the number of positive roots of f(x) = c.
The work of Sharaf al-Din al-Tusi on cubic equations has been analyzed and documented in detail by the
noted historian of mathematics of the Golden Age of Islam, Roshdi Rashed [3, 4]. Rashed emphasizes
al-Tusi uses the concept of derivative further in dealing with numerical solutions of equations. Rashed’s
conclusion on the use of derivative by al-Tusi has been contested by other scholars who argue that al-
Tusi could have obtained the result on the number of positive roots by other methods, not requiring
derivatives. For example, Hogendijk [1] suggests that since cubic curves were never drawn by medieval
mathematicians, nor derivatives mentioned explicitly in any known medieval Arabic text, the question
arises whether al-Tusi’s methods and motivation can also be explained in terms of standard ancient and
medieval mathematics. He proposes an alternative explanation and concludes, al-Tusi probably found his
results by means of manipulations of squares and rectangles on the basis of Book II of Euclid’s Elements.
In a joint work with B. Kalantari, we have given an argument that using the knowledge of al-Tusi’s time,
he did not need to base his work on derivatives or on Euclid’s book in order to compute the maximum
value arising in his analysis [2].

In this talk, after some historical remarks on al-Tusi’s era, we argue Hogendijk’s analysis [1] of Tusi’s
work on finding the maximizer of ax2 + bx− x3 where a, b, c are positive integers. We conclude that no
matter how al-Tusi has found the maximizer of f(x), his work is of great importance with creativity and
novelty.
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